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^ • 1 Introduction 

' The notion of the Riemann extension of nonriemannian spaces was introduced first in ([f]). Main 



Abstract 



idea of this theory is application of the methods of Riemann geometry for studying of the properties of 
nonriemaniann spaces. 

For example the system differential equations in form 

^ ^ + nf— — = (1) 

ds^ ds ds 

■ with arbitrary coefficients nf (a;') can be considered as the system of geodesic equations of afhnely 

^ k 

■ connected space with local coordinates x . 

For the n-dimensional Riemannian spaces with the metrics 



"ds^ = gijdx^dx^ 

the system of geodesic equations looks similar but the coefhcients H^^- (x' ) now have very special form 
and depends from the choice of the metric gij . 

^kl = ^kl = 29''"'{9rak,l + gmUk - gkl,m) 

In order that methods of Riemann geometry can be applied for studying of the properties of the 
spaces with equations (1) the construction of 2n-dimcnsional extension of the space with local coordi- 
nates a;* was introduced . 

The metric of extended space constructs with help of coefficients of equation (1) and looks as follows 



2n 



ds^ = -2n*;(x')*fcdxVx^' -I- 2d-^kdx'' (2) 

where are the coordinates of additional space. 

The important property of such type metric is that the geodesic equations of metric (2) decomposes 
into two parts 

x'' +T^.x'x^ =0, (3) 
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and 

-^+R[.^x^x'^^ = 0, (4) 

where 



ds ds ^'^ ' ds 



The first part (3) of the full system is the system of equations for geodesies of basic space with local 
coordinates x' and it does not contains the coordinates ^k- 

The second part (4) of system of geodesic equations has the form of linear 4x4 matrix system of 
second order ODE's for coordinates '^k 

^ + ^(,)^+5(,)$ = (5) 

with the matrix 

A = A{x\s), x\s)), B = B{x\s),x\s)). 

Prom this point of view we have the case of geodesic extension of the basic space (a;*). 
It is important to note that the geometry of extended space is connected with geometry of basic 
space. 

For example the property of the space to be a Ricci-flat 

Rij = 0, 

or 

or symmetrical 

keeps also for the extended space. 

This fact give us the possibility to use the linear system of equation (5) for studying of the properties 
of basic space. 

In particular the invariants of 4 x 4 matrix-function 

2 ds 4 

under change of the coordinates ^'^ can be of used for that. 
For example the condition 

„ „ IdA 1 

E = B A^ = 

2 ds 4 

for a given system means that it is equivalent to the simplest system 

and corresponding extended space is a flat space. 

Other cases of integrability of the system (5) are connected with a not flat spaces having special 
form of the curvature tensor. 

Remark that for extended spaces all scalar invariants constructed with the help of curvature tensor 
and its covariant derivatives are vanishing. 

The first applications of the notion of extended spaces to the studying of nonlinear second order 
differential equations and the Einstein spaces were done in the works of author ([2])- ([11]). 

Here we consider the properties of the Godel space-time and its Riemann extension. 
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2 The Godel space-time metric 

The line element of the metric of the Godel space-time in coordinates x, y, z, t has the form 

ds'^ = -dt^ + dx^-2 e « dtdy - 1/2 « dy'^ + dz^. (6) 

Here the parameter a is the velocity of rotation ([12]). 
The geodesic equations of the metric (6) are given by 

2 (,)) „ + (.^)^ ,.,) % 2 e=P (i^, (.,) A,,., = 0. p) 

^yi^))e^a-2^-tis)^-xis)=0, (8) 

^zis) = 0, (9) 
t (s)) a + e'^f^y {s)) (s) + 2 f {s)\ ^x {s) = 0. (10) 



ds"^ ) \ds J ds \ds J ds 

The first integral of geodesies is satisfied the condition 

The symbols of Christoffel of the metric (6) are 

4 _ exp(a;/a) 2 _ exp{-x/a) p4 _ 1 t.i _ exp{2x/a) , _ exp{x/a) 
2a a a 2a 2a 

To find the solutions of the equations of geodesies (7-10) we present the metric (6) in equivalent 
form ([13]) 

"■ ^ f + - '-J-"'^ ' ■^"■'^^ ' -^-2 

y y 

The correspondence between the both forms of the metrics is given by the relations 



ds^ = -{dt + —dxf + ^(dx^ + dy^) + dz\ (11) 



y = aV2exp{—x/a), x = y. 
The equations of geodesies of the metric (11) are defined by 

(d^ 



y^<s))a + V2[^^tis))lyis) = 0, (12) 

{^yis)) yis)a - [±xis)) \-V2 {^^tis)) [±xis)) ,(.) - (^,(,)) ^ = 0, (13) 
{^A^)) iyis)f - V2a (^.(.)) Ixis) - 2 ^±tis)) ( A,(,)) ,(3) = 0, 



(14) 



— z(5) = 0. (15) 



ds 
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The geodesic equations admit the first integral 

dt_ ^ (-C2/V2 + V2y) 
ds Co ' 

dx ^ y{c2 - y) 
ds aco ' 
dy ^ y{x-ci) 
ds aco ' 
dz C3 



, - ' (16) 
as Co 



where Cj, uq are the parameters. 



Remark 1 In theory of varieties the Chem-Simons characteristic class is constructed from a matrix 
gauge connection Aj^ as 



W{A) = ^J d'xe^^Hr (^^A,d,A, + ^A.A^A^ 



This term can be translated into a three-dimensional geometric quantity by replacing the matrix 
connection Ajj^ with the Christojfel connection V^f. . 

For the density of Chem-Simons invariant can be obtained the expression ([I4]) 

For the metric (11) at the condition z = const 

ds'^ = -a^ly^dx^ - 2\/2a/ydxdt + a^jy^dy^ - dt^ 

we find the quantity 

CS{T) = -^. 

ay^ 



For the spatial metric 
of the metric (11) 

the quantity 



3,2 , 9oagoi3 

■"ds = -gaf) H 

goo 



-ds^ = ^ridx^ + dy^) + dz"^ 



CS(V) = 0. 

3 The Riemann extension of the Godel metric 

The Christofell symbols of the metric (11) are 

r2 _ 1 r2 - 1 r2 - ^ ri - ^ 4 _ ^4 _ 1 

ill- I22---, li4--^' ^24-^, ^12--^, 



Now with help of the formulae (2) we construct the eight-dimensional extension of the metric (11). 
It has the form 

^ds^ = -Qda;2 + ^^Vdxdy + —Qdxdt + -Qdy^ + (-V - 2 — P)dydt+ 
y y^ a y y a 
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+2dxdP + 2dydQ + 2dzdU + 2dtdV. (17) 

where (P, Q, U, V) are an additional coordinates. 

The Ricci tensor of the four- dimensional Godel space with the metric (11) or (6) satisfied the 
condition 

This property is valid for the eight-dimensional space in local coordinates (x, y, z, t, P, Q, U, V) with 
the metric (11) 

Rik;l + Rli-k + Rkhi = 0. 

The full system of geodesic equations for the metric (7) decomposes into two parts. 
The first part coincides with the equations (12-15) on the coordinates {x,y,z,t) and second part 
forms the linear system of equations for coordinates P, Q, U, V. 
They are defined as 

^2 {V2a' {£x{s))' + 2 (Af(,)) (^:,(,)) y^s)a - V2a' (^2/(a))') V{s) 

T^Pis) = ^ 

ds^ {y{s)fa 

(2 (jxis)) iy{s)f a + ^/2 {f^tjs)) {y{s)f) j^Qjs) V2a{£v{s)) £y{s) 



^^^^^ = ^ i^a 



(18) 



(2 « {£yi^)) yi^) + 2_(^)) {£y{s)) {y{s)f V2) p{s) 



+- — T3 ' + 



I (-2(i^^(^))(f^(^))y(^)«-2V2a^(i^y(^))j^x(.))n^) ^ V2{£t{s))£Pis) 

{y{s)fa a 

(^yis))£Qis) (-V2a^ {£x{s)) y{s) 2 (f t(.)) {y{s)f a) £V{s) 

Vis) + iyis)fa ' ^''^ 



^U{s) = 0, (20) 



f_ _ {{ix{s))\V2yis) + 2 {f^tjs)) (f^xjs)) iy{s)f + V2 {^yjs))' ayjs)) Pjs) 
ds^^^'^- a^y{s)f ^ 

{-2^{±t{s)){±x{s))y{s)a-2a^{±x{s)f) V{s) ^{±y{s)) £P{s) 

V2 i£x{s)) AQ(,) ^ (iL^(,)) ^^v^s) ^ ^ Q{s) {£t{s)) A^(,) 
a y{s) 
In result we have got a linear matrix-second order ODE for the coordinates U, V, P, Q 

-^=A{x,(t),z,t)—+B{x,^,z,t)'^, (22) 
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where 



Q{s) 

U{s) 
V Vis) J 



and A, B are some 4x4 matrix-functions depending from the coordinates x{s), y{s), z{s),t{s) and their 
derivatives. 

Now we shall investigate the properties of the matrix system of equations (18-21). 
To integrate this system we use the relation 



x{s)P{s) + yis)Qis) + z{s)Uis) + i{s)V{s) - - - ;x = 0, 



(23) 



which is valid for the every Riemann extensions of affinely connected space and which is consequence 
of the well known first integral of geodesic equations 

gikx'x'' = V 

of arbitrary Riemann space. 

Using the expressions for the first integrals of geodesic (16) and U{s) = as -\- ji from the equation 
(20) the system of equations (18-21) may be simplified. 

In result we get the system of equations for additional coordinates 

^2 {sj2c0 acl - V2c0 ax (s)) (s) 

d^^ ~ y{s) cO^a ' ^ 



+ 



(-V2c2 y{s)-2 V2x (s) cl + V2cl^ + s/2{y {s)f + s/2{x (s))^) V (s) (^g (5)) 



c2 



y (s) cO a 



cO a 



(24) 



£ _ (2{y{s)fcl-2{y{s)fxis))p{s) 

{y (s) {x {s)f - {y {s)f + y{s)cl^+y (s) c2^-2y (s) x (s) cl) Q (s) 

y (s) aP'cO^ 

(2 acO y (s) x{s)-2 acO y (s) cl ) £Q (s) ('^cO y (s) c2-2 acO (y (s))') (s) 
y{s)a'^cO'^ y{s)a'^cO'^ 
y/2fV{s) {y/2c2ax{s)-V2c2acl)V{s) 



cO 



y{s)a^cO'^ 



(25) 



^2 ((y {s)f V2c2 - {y {s)f V2 + y{s)V2{x {s)f -2y{s) V2x (s) cl + y (s) V2cl P (s) 



+ 



+ 



(-V2y (s) X (s) c2 + V2y (s) clc2+2^{y {s)f x{s)-2^{y {s)f cl) Q (s) 



cO^a 



2„3 



+ 



+ 



(^-V2y (s) ac0c2 + V2iy {s)f aco) £Q (s) (^^y (g) ^cO x (s) - V2y (s) acO cl) f^P { 

73 5 I 3 



cO^a^ 



cO^a^ 



-+ 
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(-2 a^cO x{s) + 2a^c0cl)-^V (s) ("2 ac2 y (s) + 2 a (y {s)f^ V (s) 

+ ^oV ' + • ^^^^ 

The relation (23) in this case takes a form 

_ 2 (-2Qcga+c0a)s _ ^ (eg V2a - 2 y (s) 72a) F (5) _ ^ (2 ci y (s) - 2 x (s) y (5)) Q (s) 
' cOa ' cOa ' cOa 

(2 {y{s)f -2c2y{s))p{s) 
-1/2 ^ i/ = (27) 

and the system from three equations (24-26) can be reduced to the system of two coupled equations. 
As example the substitution of the expression 

Oi^-^l. ^-'^<^<^3a+cOa)s {c2s/2a-2y (a) V2a) V {s) (2 iv {s)f -2c2y js)) P js) 
' y{s){x{s)-cl) ^ ' y{s){x{s)-cl) ^' y (s) {x {s) - cl) 

V cO a 

+ - 



y{s) {x{s) - cl) 

into the equation for Q{s) give us the identity and in result our system takes the form 
^2 ^_c2 + y{s))c2£P{s) [2{x{s)f-4x{s)cl-2c2y{s) + c2^ + 2cl^)V2-f^V{s) 



ds^ cOa{x{s) — cl) cO {x {s) — cl) y {s 

c2 y (s) [iy {s)f + c^^ - 2 c2 y (.s) + cl^ - 2 x (.s) cl + {x {s)f^ P (s) 



a^cO^ ({x{s) f -2x{s) cl + cl^^ 



+ L{s)V{s)- 



{-2 a c3 ac2 + cO ac2) sy (s) {-cO ac2^ + 2 a c3 ac2'^) s 

"■'■/2 ~: TT ^ -'■/2 ■ 



-1/2 



a^cO^ ((a; {s)f -2x{8)cl+ cl^^ a'^cO^ ((x {s)f -2x{s)cl+ cl^^ 

{{2ac3ac2 - cO ac2) {x{s)f + (2 cl cO ac2 -AacScl ac2) x {s) + 2 a c3 cl'^ac2 - cl^c0ac2^ s 

a^cO'^y{s)({x{s)f -2x{s)cl +cl^^ 

(28) 

where 

{y{s)fV2c2 V2(2{x{s)f-3c2^-4x{s)cl+2cl^)y{s) 

^ — 7 o \ — 7 o \ 

acO'^ Ux {s)y -2x{s)cl + cl M acO'^ Ux {s)y -2x{s)cl + cl M 

V2 (-2 c2 (x {s)f -2cl^c2 + c2^ +4c2 cl X {s)) 

+1/2 ^ ^ ^+ 

acO^ Ux {s)y -2x{s)cl + cl M 

^/2 (2 (x (s)f - 8 (x (s)f cl + (c2^ + 12 ci^) (x {s)f + (-2 c2^cl - 8 cl^) x (s) + cl'^c2'^ + 2 cl^) 
+1/2 ^ ^ 



acO 



'■y{s) ((x(s))'-2x(s) cl+cl^) 



and 



^2 (2 {x {s)f - 4x {s) cl - 3 c2 y {s) + 2 {y {s)f + 2 cl^ + c2^) 4-V {s) 

— V (s) = --^ + 

ds^ ^' acO{x{s)-cl) 
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({y {s)f + c2^-2c2y{s) + cl^ -2 x [s) cl + {x {s)f) V2y (s) £P (s) 
+ ^ cOaHxis)-cl ) + + ^(^)^ + 

, ^ ,„ V2{c0-2ac3)siy y2(-2c0 eg + 4a eg c2) s jy {s)f 

^ ' a^c0^x{s)-cl^) ^ ' a^cO^ {x{s)-cl^) ^ 

V2(^-2ac3 c2^ + c2^cO + cl^cO + {x{s)f c0-2x{s) cO cl-2ac3 cP+4:ac3 x{s) cl-2ac3 {x{s)f^ sy{s) 

^^/^ aHO^ {x {s)-cl^) ' 

(29) 

where 

M{s) = -2 "^^XJl N-+5- 



a^cO'^ {{x{s)f -2x{s)cl + cl'^^ a?cO'^ {{x{s)f -2x{s) cl + ci^) 

(-4x(s) cl +2 {x{s)f +Ac2'^ + 2cl'^^ iv {s)f [-c2 {x {s)f -cl^c2 + 2c2 clx{s) - c2^^y{s) 
a^cO^({x{s)f -2x{s)cl+cl^'^ cO^ ({x {s)f - 2 x {s) cl + cl^'^ 

V2(?yC^)f V2{y{s)fc2 

N {S) = 7 r 6 7 r- + 

a^cO^ Ux {s)f -2x{s)cl + cl ^ j a^cO^ Ux {s)f -2x{s)cl+ cP\ 

V2(2 {x{s)f + 3c2'^ + 2cl'^ -4:x{s)cl) iy{s)f V2 (-3e^ {x {s)f - c2^ - 3 cl'^ c2 + 6 c2 cl x {s)) iy{s)f 
H 1 h 

a^cO^ (^{x{s)f -2x{s)cl + cl^^ a^cO^ [{x {s)f - 2 x {s) cl + cl^~^ 

V2{{x{s)f -A {x{s)f cl + (6ei2 + 02"^) {x{s)f + {-2c2'^cl -'icl^)x{s) + cl'^ + cl"^ c2^'j y (s) 
^ a^cO^ [{x{s)f -2x{s)cl +cl^^ 

The expressions for functions x{s) and y{s) are dependent from the choice of parameters and can 
be defined from the equations (16). 

The integration of the equations (28-29) for the additional coordinates P{s), Q{s) is reduced to 
investigation of the 2x2 system of second order ODE's with variable coefficients. 

Remark that the matrix E and its properties play important role in analysis of such type of the 
system of equations. 

In result wc get the correspondence between the geodesic in the x, y, x, f-space and the geodesic in 
the space with local coordinates P,Q,U,V (partner space). 

The studying of such type of correspondence may be useful from various point of view. 

4 Translation surfaces of the Godel spaces 

Now we discuss the properties of translation surfaces of the Godel spaces. 

According with definition ([15]) translation surfaces in arbitrary Riemannian space are defined by 
the systems of equations for local coordinates (u, v) of the space 

^5%^ + rj,(x'")^^|^^^^ = 0, (30) 

ouov ■' ou ov 

where r* j. are the Christoffel coefficients. 
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In the case of the Godel metric (6) we get the equations 

d' ^ , . ^ ^ ( (1^^ ^)) ^) + (ll^ ^)) ^)) = 0, (31) 

dudv ' a 



-y («, v)-l/2 _ .V^ il^ ^)) ll^ ^) 



9^9?; ' a o 

{-t^ (m, z;)) (m, v) + (l^y (m, ^)) {u, v) ^ 

y {u, v) 



^) _ {^uV (^^ ^)) (^^ ^) + (li^ (^^ ^)) (^^ ^) 



9u9w ' y {u, v) 

1/2 ^/2a {£x {u, v)) f^y {u, v) + 1/2 V2a (£y {u, v)) f^x {u, v) _ 



d^ 

z{u,v)=0 (34) 



dudv 

Pull integration of this nonlinear system of equations is a difficult problem. 

To cite one example. 

With this aim we present our system of equations in a new coordinates u = r + s,v = r — s. 
It takes the form 

2 ( 1/4 ^x{r, s) - 1/4 ^^x{r, .)) a^V2 (l/2 ^^y{r, s) + l/2 Ay(,, ,)^ (^1/2 |-f(r, s)- 1/2 ^t(r, .)) + 
(V2 |:i(r, s) + 1/2 ^t(r, 5)) (^1/2 |-y(r, 5)-l/2 ^y(r, s)) =0, 

-2 1^1/4 ^J/(r, s) - 1/4 ^y(r, s) J y(r, s)a+ 
+2 f 1/2 |-a;(r, s) + 1/2 ^x{r, s)] f 1/2 ^x{r, s) - 1/2 |-a;(r, s)) 



dr ds J \ dr ds 

+V2 (^1/2 ^x{r, s) + 1/2 ^^x{r, s)^ (^1/2 ^t{r, s) - 1/2 ^t(r, s)) y{r, s)+ 

+2 f 1/2 |-y(r, s) + 1/2 |-y(r, s) \ (l/2 ^y{r, s) - 1/2 |-y(r, s)^ a+ 



9r ds J \ dr ds' ^ 

+V2 (^1/2 |-t(r, s) + 1/2 ^t(r, s)) (^1/2 ^a;(r, s) - 1/2 ^x(r, s)^ y(r, s) = 0, 



-2 (1/4 *(^' - 1/4 ^i(r, s) j (t/(r, s)f + 
+V^« (1/2 |;^(r-, s) + 1/2 ^x(r, s)) (^1/2 |-y(r, s) - 1/2 ^y(r, s)) + 
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+V2a (^1/2 ^y{r, s) + 1/2 ^j/(r, s)^ (^1/2 ^x{r, s) - 1/2 ^^x{r, s)^ + 
+2 f 1/2 i:y{r, s) + 1/2 4-y{r, s)) (l/2 U{r, s) ~ 1/2 ^t{r, s)\ y{r, s)+ 



dr ' ds ' J \ dr ' ds 

+2 (^1/2 ^t{r, s) + 1/2 ^t(r, s)^ (^1/2 ^y(r, s) - 1/2 ^y(r, s)^ y(r, s) = 0. 
The solution of this system of equations we shall seek in form 

y{r,s) = B{r), t{r, s) ^ C{r) — s, x{r, s) = s + A{r), 

where B{r),C{r),A{r) are some unknown functions. 
In result our system takes the form 

{^Oir)) iBir)f - V-2a (A^w) ^^Air) - 2 (A^w) 5(.)|:C7(r) = 0, 
B(r)) B{r)a-a (^i-Alr))' +a - V2Bir) (|:A(r)) Ac(r)-^S(r)- (^i-Sw)' a = 0, 



Using the first integral 



{^Air))a^V-2{lBir))lcir)^0. 



dr ^ ' B{r) ^ ' 



the system can be written in form 

2 



(|^^w)s(r-)a + a(|:^(r)) + a - (|:A(r)) aS(r) - V^B(r) - (|:B(r)) a = 0, 

(^^W) - 2 (|:B(r)) a^A(r) + ^2 (i-B(r)) ai?(r) = 0. 

Integration of the last equation give us the expression for the function A{r) 



with parameters Ci,C2 and a. 

After substitution the expression for A{r) to the first equation we get the equation 

(^^S(r)^ B{r)a + {B{r)f v^a Ci + {B{r)f Ci^ + a- V2B{r) - (^^(o) « = 

for the function B{r). 

Remark that this equation can be written in form 

dr"^ a a 

after the change of variable 

B{r) = exp{E{r)). 

With the help of its solutions the examples of the translation surfaces of the Godel space (6) can be 
constructed. 
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They can be presented in form 

t + x = A{r)+C{r), y = B{r), 

or 

t{x,y) =x + (l>{y) 

with some function 4>{y). 

Detail consideration of the properties of this type of translation surfaces, their intrinsic geometry 

and characteristic lines will be done in a following publications of author. 

Remark that with the help of the translation surfaces can be investigated the properties of closed 
trajectories of the Godel space. 

Let us consider the eight-dimensional extension of the Godel space with the metric (17). 

Translation surfaces in this case are determined by the equations (28)-(31) for coordinates x,y,z,t 
and by the linear system of equations on coordinates P,Q,U,V 

P{u,v)- 



dudv 



l.o (-2^/2a^(|^^) ^^'^ ijl^) (Ij^) ^^+2 ^/2a^ (1:^) Iv''^ [fj) {^x) ya)V {u,v) 

_l/2 (-2 iiix {u, V)) y^a - V2 {j^t [u, v)) y^) ju, v) 

y^a 

_i/2 ^)) y'-H^^ ("^ ^)) y'o') iiQ (»> ^) , 

y^a 



92 

Q{u,v) + 



dudv 

+1/2 (6 (ll^) (1;^) + 2 ^/2 {i,x) {j,t) y^ + 2s/2 {j^t) {j,x) y^ + 2 {j^y) {^y) ya) Q {u, v) ^ 

y^a 

+1/2 (-2 « {£y)y-^ {-tv) ilt) - 2 (|rO j^^y) y^V^ - 2 a {^y) {i;x) y) P {u, v) ^ 

y^a 

+1/2 (2 il^) + 2 (liy) {It) ya + 2 ^a^ {f^y) ^x + 2 {fj) {^^y) ya) V {u, v) ^ 

y^a 

I IjQK^) , 11/2 (2 iiit {u, V)) y^a + V2a^ {£x {u, v)) y) {u, v) ^ 

y y y^a 

+1/2 {V2am^x{u,v))y + 2 {£-tiu,v)) y'a) £V {u,v) ^ 

y^a 

+1/2 ("^ ^)) i^P K V)) y'-V^{£P K V)) {u, V)) y^ ^ ^ 

y^a 
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+1/2 



+1/2 (-2 ily ju, v)) {It in, v)) y'-2{lt ju, v)) {j^y {u, v)) y^) Q {u, v) ^ 

a^y^ 

(-2 (1,0^) {i;t) y' - 2 {£x) {i;x) aV2y-2V2 {£y) (Ay) ay - 2 {£t) jf^x) y') P {u, v) 

+1/2 (^^) + 2 ^ (ll^) (IjO 2/« + 2 72 (1,^) [Ix] ya) V {u, v) ^ 

a^y"^ 

^{i,x{u,v)) lQ(u,v) ^ 
a 

a y y 

+1/2 -%/2 ( [u, V)) {ly {u, V)) ay'-^V2 {j^y {u, v)) {^P {u, v)) ay^ ^ ^ 



+ 



a^y"^ 



52 



dudv 



U{u,v)=Q. 



The system of linear equations (32)- (35) is the matrix analog of the Laplace equation 

^ ' + A{u,v) — ^^^+B{u,v) — + C(u,t;)*(w,'u) = 0, 



dudv 



du 



dv 



where 



*(tt,-y) 



(37) 
(38) 

(39) 



/ P(u,w) \ 
Q{u,v) 
U{u, v) 

V VM J 

is a vector- function, and A{u, v), B{u, v), C{u, v) are the matrices depending from the variables (u, v). 
For integration of such type equation can be used the matrix generalization of the Darboux Invariants 

([16]). 

Remark 2 We are reminded basic facts on integration of the matrix Laplace- equation. 

The system (39) can he presented in forms 

{du+B){d^+A)-^-H-^ = Q, 



or 



where 



{d,+A){d^ + B)^-K^ = Q, 



H ^^+BA-C, K=^+AB-C, 
ou ov 

are the Darboux invariants of the system. 

In the case K = or H = the system can be integrated. 

If the K ^ and H ^ the system may presented in similar form for the functions 

oy 



or 



a* 

= —+B^. 
ox 



In the first case one get 
d'^^i{u,v) 



dudv 



du 



dv 
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where 

Ai = HAH-^ - HyH-\ Bi=B, Ci = By - H + [HAR-^ - HyH-^)B. 
The invariants Hi and Ki for this equation are 

Hi=H-By + [HAH-'^ - HyH-\ + B{HAH-^ - HyH''^) - {HAH''^ - HyH-'^)B, 

Ki = H. 

In the case Hi = the system can be integrated. 

In the second case we get the equation for the function ^-i 

d^^-i(u,v) . . .d'i!-i(u,v) „ , ^d^-i(u,v) ^ , , . ^ 

—^-L^+A.i{u,v) ^^+B.i{u,v) ^-^+C.i{u,v)^.i{u,v)=0, 

where 

B_i = KBK-^ - KuK-\ A_i = A, C-i = A^ - K + {KBR-^ - KuK-'^)A. 
The invariants H-i and K-i for this equation are 
K_i = K-Au + {KBR-^ - KuK-\ + A{KBK-^ - KuK''^) - {KBR-^ - KuK-^)A, 

H_i = K 

and at the condition K-i = the system is also integrable. 

To integrate the system of equations (39) in explicit form it is necessary to use the expressions for 
coordinates x{u,v),y{u,v), z{u,v),t{u,v) of translation surfaces of the basic space. 

The properties of the invariants H and K also may be important for classifications of translation 
surfaces of the basic and extended Gddel space. 

5 On the spectrum of the Godel space-time metric 

In this section the spectrum A of de Rham operator 

A = g'^ViVj - Ricci, 
defined on a four-dimensional riemannian manifold and acting on 1-forms 

Lo = Ai{x, y, z)dx^ = u{x, y, z, t)dx + v{x^ y, z, t)dy + p{x, y, z, t)dz + q{x, y, z, t)dt 

will be calculated. 

The problem is reduced to the solution of the system of equations 

g'^V.WjAk - RiAi - fi^Ak = 0, (40) 

where is a symbol of covariant derivative and the Rj is the Ricci tensor of the metric g^^ of the 
Godel space-time. 

Wc use the Godel space-time metric in form (11) and for simplicity sake the components of the 
1-form Lu will be presented as 

Ak = [0,v{y,t),0,q{y,t)]. 
As this takes place the system (40) looks as 
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It is equivalent to the following non homogeneous equation 

- (^Hy, t)) - (^^y, t)) a" + ii^^{y, t)a' + e = 0, (41) 



where 

, , d^iy,t) , , d^(y,t) 

and e is parameter. 

The simplest solution of homogeneous equation can be presented in form 

^{y,t) = Fi{y)F2{t), (42) 

where 

dy^ y 

and ci is the parameter. 

The second equation from (43) has the form 



^F,{y) = ^-^, (43) 



and its solutions are defined by the relations 

^ = Ci cos(61n(y)) + C2 sin(61n(?/)), b'' = -c^--> 0, 

^/y 4 

^ = Cix^ + C2X-\ 6^ = ^ + ci > 0, 

A = (7^ +(72^2/), ci = -^, 

which from the parameter ci are dependent. 

The solutions of the first equation of the system (43) are 

Fsit) = C3 sm 1/4 ^ ^ ) + cos 1/4 ^ ^ . 

a a 

In result the general solution of the equation (41) can be constructed with the help of solutions 
F^iy) andF2(i). 

So depend upon the choice of ci the spectrum of manifold and the solutions of the equation (41) 
will be various. 

The problem of solutions of the system (40) in more general case of the 1-form cj = Ai{x, y, z)dx^ 
requires more detail consideration. 
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6 Spatial metric of the four-dimensional Godel space-time 

The spatial metric of any four-dimensional metric 

4j„2 .ri^otj^B I ^^Oj^a I j^O 



ds = Qa^dx^dx'^ + 2goo:dx dx" + goodx dx 
has the form 

^df = 'ya^dx'^dxf^, 

where 

, 90a90l3 

Jaf3 = -9af3 H • 

.900 

a three-dimensional tensor determining the properties of the space. 

In the case of the Godel space-time the spatial three-dimensional metric has the form 



-^dl^ = ^{dx^+dy^)-^-dz^ (44) 



Three-dimensional space with the metric (44) belongs to the one of the eight types of the W.Thurston 
geometries and has a diverse global properties. 
In particular it admits the surfaces bundle. 

As example we consider the translation surfaces of the space (44). 

They defined by the system of equations for coordinates x{u, v),y{u, v) and z{u, v) 

^)) ^("' ^) - ^)) Ij^^K ^) - (ll^^K ^)) ^) _ ^ 

y{u,v) 



y{u,v) 



0, (45) 



z{u,v) = 0. 



dudv 

The simplest solutions of these equations are in form 



V2(l.((H)''f(e-.)-je-c,(Q-)-',,-, 

x(u, v) = hi(u) + In(i'), 

and 

z{u,v) = A{u) + B{v), 

where A{v) and B{v) are arbitrary functions and Ci,C2 are the parameters. 
In particular case Ci = 1, C2 = one get 



yiu,v) = 1/2 



uv 

x{u, v) = \n{uv). 

Prom here we find 
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and 

z{x, y) = ^(^ye^ + e^Vy^- 1) + B{ ^ ) 

^ygx + - 1 

with arbitrary functions A{u), B{v). 

The properties of surfaces are dependent from the choice of the functions A and B. 

Remark 3 From the system (45) we find the relations 

where z{u,v) = ln(y(?i, u)). 

T/iis /ac< a//ow ms to get one equation on variable y{u,v) only. 
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